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Abstract
We replace a Hamiltonian by a modular Hamiltonian in the spectral form
factor and the level spacing distribution function. This establishes a connection
between quantities within quantum entanglement and quantum chaos. To have a
universal study for quantum entanglement, we consider the Gaussian random 2-
qubit model. For a generic 2-qubit model, a larger value of entanglement entropy
gives a larger maximum violation of Bell’s inequality. We first provide an ana-
lytical estimation of the relation between quantum entanglement quantities and
the dip when a subregion only has one qubit. Our numerical result confirms the
analytical estimation that the occurring time of the first dip in the spectral form
factor is further delayed should imply a larger value of entanglement entropy. We
observe a classical chaotic behavior that dynamics in a subregion is independent
of the choice of the initial state at a late time. The simulation shows that the
level spacing distribution is not random matrix theory at a late time. In the end,
we develop a technique within QFT to the spectral form factor for its relation
to an n-sheet manifold. We apply the technology to a single interval in 2d CFT
and also the spherical entangling surface in N = 4 super Yang-Mills theory. The
result is one for both theories, but the Re´nyi entropy can depend on the Re´nyi
index. It indicates the difference between the continuum and discrete spectrum,
and the dependence is then not a suitable criterion for showing whether a state is
maximally entangled in QFT. The spectral form factor with a modular Hamilto-
nian also gives a strong constraint to the entanglement spectrum of QFT, which
is useful in the context of AdS/CFT correspondence.
2
1 Introduction
A mysterious and yet understood feature of quantum physics is that one cannot have
an absolute prediction for the location of the particle, which distinguishes a quantum
system from its classical counterpart. An intuitive way to understand this is to intro-
duce the existence of hidden variables in quantum theory. However, the local hidden
variables are incompatible with quantum theory from the Bell’s inequality in a 2-qubit
system [1, 2]. This successfully establishes the role of quantum physics and shows that
nature might be governed by a mysterious quantum state. Hence people are interested
in studying what kind of information can be extracted from a quantum state, which is
the main focus of Quantum Information.
The quantum generalization of the Bell’s inequality [3, 4, 5] leads to a direct connection
to entanglement entropy or concurrence of pure state [6] from the maximum violation of
Bell’s inequality in an arbitrary 2-qubit system [7, 8, 9, 10]. Hence maximum violation
of Bell’s inequality indicates an interesting link to Quantum Entanglement. Quantum
Entanglement is a physical phenomenon that each particle cannot be described individ-
ually in a quantum state. Hence Quantum Entanglement is of great importance within
Quantum Information.
The entanglement quantities are known to be computationally difficult in many-body
systems. Many studies in Quantum Entanglement were only derivable based on numeri-
cal approaches. Hence people are interested in developing new technology for obtaining
analytical solutions. Recently, the Ryu-Takayanagi prescription in the Anti-de Sitter
(AdS) spacetime allows us to compute entanglement entropy in a classical geometry
setting, which is by solving the area of the minimal surface with a given boundary
coming from one-lower dimensional Conformal Field Theory (CFT) [11]. Although the
conformal symmetry has largely constrained possible analytical solutions, the procedure
of calculation, n-sheet method or replica trick, could be general yet still hard [12, 13].
Developing methods beyond or without the replica trick in the AdS/CFT correspon-
dence [14] and Entanglement in Quantum Field Theory (QFT) have also received much
attention in the study of Quantum Information.
Recently, nearly AdS/CFT correspondence was developed in an explicit quantum me-
chanical model, Sachdev-Ye-Kitaev (SYK) model [15]. This model has all-to-all inter-
action from a 4-Majorana fermion interacting term with a Gaussian random coupling
1
constant. The model is exactly dual to the Jackiw-Teitelboim gravity theory when the
number of Majorana fermion fields is large in the SYK model with a low-energy limit
[16, 17]. The SYK model does not have an exact conformal symmetry. Hence this
suggests an extension of the AdS/CFT correspondence. The SYK model also realizes
the saturation of chaotic bound in the Lyapunov exponent [18]. It was conjectured that
the saturation is a necessary condition for bulk Einstein gravity theory [18, 19, 20]. The
maximum chaotic bound also indicates the maximum sensitivity of initial conditions.
Hence the study of bulk Einstein gravity theory is connected to Quantum Chaos. The
necessary information in a physical system is its interaction with other systems and
their dynamics. Quantum Entanglement can be used to show how entangled between
different subsystems but gives no information about individual dynamics. For example,
a pure state in a subregion has vanishing entanglement entropy. Hence Quantum Chaos
is an important direction in Quantum Information for obtaining essential additional in-
formation from Quantum Entanglement.
The difficulty in the study of Quantum Chaos is how to determine a closed quantum
system being chaotic because the dynamics of the wavefunction is governed by a linear
equation. The linear equation cannot offer any irregular information to dynamics, but
the correspondence principle should imply a classical limit from Quantum Chaos to
Classical Chaos. The non-commutativity for the classical and integrable limits makes
it more difficult in studying Quantum Chaos [21]. Because the full information of a
quantum system should be encoded by the spectrum, people would then consider the
spectrum for the determination of chaotic behaviors. Because a chaotic bosonic-system
has the random matrix theory [22] in the spectral form factor [23, 24, 25] for a short
time in general [26], people expect that the chaotic spectrum should be governed by the
random matrix theory. Note that the spectral form factor is a Fourier transformation
for the energy difference. The spectrum of chaotic theory also indicates level repulsion
in the level spacing distribution function [27], which does not exhibit that the decrease
in the probability of spectrum corresponds to increasing the energy. This property does
not appear in the integrable model. Hence people are interested in such behaviors for
studying Quantum Chaos [28, 29].
Recently, people have replaced the Hamiltonian by a modular Hamiltonian [30] in quan-
tum chaos quantities [31, 32], and the result shows a similar chaotic bound in the Lya-
punov exponent [31], and the CFTs with a spherical entangling surface saturates the
chaotic bound [33, 34, 35]. Hence this provides a path from Quantum Entanglement to
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Quantum Chaos.
In this article, we would like to replace the Hamiltonian by a modular Hamiltonian in
quantum chaos quantities. We begin from the Gaussian random 2-qubit model. This
model has a clear relation between entanglement entropy and maximum violation of
Bell’s inequality. We study the relation between the spectral form factor and entan-
glement entropy or concurrence of a pure state. Although the maximum degrees of
freedom in a 2-qubit model is just four, the random coupling constant generates an
infinite degree of freedom to form a statistical ensemble for a study of spectral form
factor and level spacing distribution [22, 36, 37]. Then we use Re´nyi entropy for a sin-
gle interval in CFT2 to calculate the spectral form factor for probing the entanglement
spectrum. To summarize our results:
• We observe that the occurring time of the first dip in the spectral form factor
is proportional to the value of entanglement entropy in the simulation of the
Gaussian random 2-qubit model. The expansion of the spectral form factor in
Fourier time reaches the same conclusion.
• We observe that dynamics is independent of a choice of initial states at the late
time, which is one of the conditions of classical chaos. The simulation of the level
spacing distribution function in the Gaussian random 2-qubit model shows that
the spectrum is not governed by the random matrix theory.
• We develop the technique of calculating the spectral form factor in terms of the
familiar way, n-sheet manifold. This shows the applicability in QFT. When one
considers the Greenberger–Horne–Zeilinger (GHZ) state, the spectral form factor
is one. Each eigenvalue of the modular Hamiltonian has the same value in this
state. When we calculate the spectral form factor for a single interval in CFT2,
the spectral form factor is also one. The result exhibits the difference between
the continuum and discrete spectrum because the Re´nyi entropy can depend on
the Re´nyi index. This provides a strong constraint to the entanglement spectrum
of QFT. The N = 4 super Yang-Mills theory also gives one to the spectral form
factor. Hence the constraint should be useful for a further study of AdS/CFT
correspondence.
This rest of this paper is organized as follows: We calculate the spectral form factor and
level spacing distribution function in the Gaussian random 2-qubit model by replacing
the Hamiltonian by a modular Hamiltonian in Sec. 2. We relate the n-sheet manifold
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to the calculation of the spectral form factor in QFT and apply the technology to CFT2
and N = 4 super Yang-Mills theory in Sec. 3. Finally, we discuss our conclusion in
Sec. 4.
2 Modular Hamiltonian
The modular Hamiltonian is defined as
Hmod ≡ − ln ρA, (1)
where ρA is a reduced density matrix of the region A. We will calculate the spectral form
factor and also the level spacing distribution function but replacing the eigenenergies
by the eigenvalues of the modular Hamiltonian. Because we hope to obtain a universal
result on Quantum Entanglement [7] first, we consider a simple model, the Gaussian
random 2-qubit model. The Hamiltonian of the Gaussian random two-qubit model is
Htq ≡
∑
j,k
gj,kσj ⊗ σk, (2)
The random coupling constant is distributed as exp(−g2j,k/2)/
√
2pi. The Pauli matrix
is defined as the following:
σ2x = σ
2
y = σ
2
z = I, σxσy = −σyσx, σyσz = −σzσy, σxσz = −σzσx,
σxσy = iσz, σyσz = iσx, σzσx = iσy,
σx|0〉 = |1〉, σx|1〉 = |0〉,
σy|0〉 = i|1〉, σy|1〉 = −i|0〉,
σz|0〉 = |0〉, σz|1〉 = −|1〉, (3)
where
|0〉 ≡
(
1
0
)
; |1〉 ≡
(
0
1
)
. (4)
The initial quantum state is given by
|ψ〉 =
√
1− b2|00〉+ b|11〉, (5)
in which b is ranged from 0 to 1. We will take the partial trace over the second qubit
to obtain the reduced density matrix of the region A when we calculate quantum chaos
quantities.
4
2.1 Spectral Form Factor
We first perform some analytical studies for the spectral form factor. It is easy to
observe that the spectral form factor [32]
gA(τ) =
1
N2A
NA∑
j,k=1
e−iτ(λj−λk), (6)
where NA is the number of eigenvalues of a modular Hamiltonian. The gA is one if all
eigenvalues are the same after applying a time evolution. The λj(t) is the eigenvalue
of a modular Hamiltonian of the region A, and τ is the Fourier time. The dynamics
of the spectral form factor are exhibited by the fact that the eigenvalues depending on
time t. The GHZ state is for the choice
b =
√
2
2
, (7)
which refers to a pure state on two qubits (or sometimes called one of the Bell states).
This is a maximally entangled state with a maximum value of entanglement entropy.
When a subregion A only has one qubit, the eigenvalues of a reduced density matrix
λ˜1 and λ˜2 would satisfy the following condition [7]:
λ˜1 + λ˜2 = 1; λ˜
2
1 + λ˜
2
2 = TrAρ
2
A. (8)
When we choose
λ˜1 > λ˜2, (9)
the eigenvalues are given by [7]:
λ˜1 =
1 +
√
2TrA(ρ2A)− 1
2
; λ˜2 =
1−√2TrA(ρ2A)− 1
2
. (10)
Hence the spectral form factor for the initial state is:
gA(τ) =
1
2
+
1
2
cos
(
τ ln
λ˜1
λ˜2
)
=
1
2
+
1
2
cos
(
τ ln
1 +
√
2TrA(ρ2A)− 1
1−√2TrA(ρ2A)− 1
)
. (11)
Hence we observe that the spectral form factor is of the form of an oscillating function.
By including a time evolution, we would have to consider the effect of the random cou-
pling constant such that it would give an average behavior for all oscillating functions
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from different random configurations.
Now we perform estimation for the occurring time of the first dip in the spectral form
factor from the expansion of τ , which gives
gA(τ) = 1− G
2τ 2
4
+
G4τ 4
48
+ · · · , (12)
in which G is defined as
G ≡ ln λ˜1
λ˜2
. (13)
Then we estimate that the minimum point occurs at
τ 2min =
6
G2
(14)
from the fourth-order expansion in τ . When G increases, TrAρ
2
A also increases. This
implies that the occurring time of the first dip should decrease by increasing the value
of TrAρ
2
A. For the GHZ state, the first dip should be at infinity. Hence this gives one
to the spectral form factor. Now we have established a rough interpretation of the
behavior of the spectral form factor from Quantum Entanglement.
Now we discuss the relation of the concurrence of a pure state [6]
CA ≡
√
2(1− TrAρ2A) (15)
and Bell’s inequality [9] in the Gaussian random 2-qubit model. When G decreases,
the concurrence of a pure state increases, which also implies that entanglement entropy
increases. It is interesting to note that the maximum violation of the Bell’s inequality
[7]
γ ≡ maxBTr(ρB) ≤ 2
√
1 + C2A, (16)
where
B ≡ (~b · ~σ)⊗ ((~a+ ~˜a) · ~σ)+ (~˜b · ~σ)⊗ ((~a− ~˜a) · ~σ), (17)
increases with the concurrence of a pure state. The ~a, ~˜a, ~b, and ~˜b are unit vectors, and
~σ ≡ (σx, σy, σz) is a vector of the Pauli matrix. Hence a 2-qubit system is qualitatively
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Figure 1: We observe that TrAρ
2
A is monotonically increasing or decreasing with time and then con-
verges to a stable final value.
consistent with Quantum Entanglement.
We first calculate TrAρ
2
A in Fig. 1. When its value becomes larger, it implies that the
case has more configurations with the larger value of TrAρ
2
A. From our estimation, this
should imply that the occurring time of the first dip should be smaller for the larger
value of TrAρ
2
A. This estimation is clearly confirmed in Figs. 2 and 3. We consider 2
13
random configurations for all simulations in this paper.
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Figure 2: The left figure is for b = 0, and the right figure is for b = 0.6. We show that the occurring
time of the first dip is further delayed when the value of TrAρ
2
A is smaller.
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Figure 3: The initial state is the GHZ state with b =
√
2/2. We show that the occurring time of the
first dip is further delayed when the value of TrAρ
2
A is smaller.
2.2 Level Spacing Distribution Function
From Fig. 1, we observe that the late-time behavior is independent of the choice of
initial conditions. This implies that the late-time dynamics is also independent of the
choice of the initial conditions. This is one of the conditions in classical chaos. Here we
confirm that the spectrum does not indicate a random matrix theory [22] at the late
time by calculating the level spacing distribution function in Fig. 4, which uses the
GHZ state as an initial state. The level spacing distribution function is a probability
distribution of the normalized energy difference
s ≡ S〈S〉 , (18)
where S is the energy difference for each random configuration, and 〈S〉 is a random
average of the energy difference.
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Figure 4: The left figure is for the comparison with the Gaussian Unitary Ensemble (GUE), while the
right figure is for the Gaussian Orthogonal Ensemble (GOE). The initial state is the GHZ state.
3 QFT
Now we calculate the spectral form factor with a modular Hamiltonian for a single
interval with length L in 2d CFT:
gA(τ) =
1
N2A
NA∑
j,k=1
e−iτ(λj−λk) =
1
N2A
(
NA∑
j=1
e−iτλj
)(
NA∑
k=1
eiτλk
)
=
1
N2A
(
TrAρ
iτ
A
)(
TrAρ
−iτ
A
)
=
1
N2A
∣∣∣∣TrAρiτA ∣∣∣∣2
=
1
N2A
∣∣∣∣e(1−iτ)SA(iτ)∣∣∣∣2 = 1gA(τ = 0)
∣∣∣∣e(1−iτ)SA(iτ)∣∣∣∣2
= 1, (19)
in which the Re´nyi entropy of a subregion A, SA(n), is defined by
SA(n) ≡ ln TrAρ
n
A
1− n . (20)
Here we consider the central charge term, which is the dominant term in the Re´nyi
entropy
SA(n) =
(
1 +
1
n
)
A(L), (21)
where A(L) is a real-valued function of an interval with length L. The form of A(L) does
not change our result. Previously, we showed that spectral form factor is one for the
GHZ state, but note that a single interval in 2d CFT does not correspond to the GHZ
state because Re´nyi entropy depends on its index n. Let us also apply the procedure of
calculation to the supersymmetric Re´nyi entropy in the N = 4 super Yang-Mills theory
[13]. The supersymmetric Re´nyi entropy is given by [13]
SA(n)
SA(1)
=
(a21 + a1a2 − 3a1)(n− 1)
(
3n− a2(n− 1)
)
+ 3n
(
a2(a2 − 3)(n− 1) + 9n
)
27n2
, (22)
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where a1 and a2 are some real constants. This also shows that the spectral form factor
is one. The N = 4 super Yang-Mills theory and CFT2 are widely understood and cal-
culable theory in the context of AdS/CFT correspondence [14]. Hence this non-trivially
constraints the entanglement spectrum from the spectral form factor. However, it is
crucial to examine the difference between the continuum state from a discrete state.
We will now give a discussion about the continuum case.
For a continuum spectrum, the reduced density matrix of a region A is
ρA =
∫
dk O(k)|k〉〈k|, (23)
in which we label different states by k, and it is not the eigenvalue of a state. For the
continuous spectrum, the value of O(k) can be larger than one with the requirement:
TrAρA = 1 =
∫
dk O(k). (24)
The discretized form should be more clear
1 =
∑
k
O(k)δk (25)
Therefore, we find
O(k) ∼ 1
δk
, (26)
which is different from the discretized form of a discrete spectrum
1 =
∑
k
O(k), (27)
where the values of O(k) are smaller than or equal to one. When a reduced density
matrix is positive definite, the eigenvalues cannot be larger than one for a discretized
spectrum but a continuous spectrum can. This is the essential difference between the
reduced density matrix with a continuous spectrum and a discrete spectrum. We now
use the continuous spectrum to investigate what the entanglement spectrum gives in
the case of 2d CFT.
The spectral form factor with a modular Hamiltonian for a continuous spectrum is
gA(τ) ∼
∫
dkdk˜ e−iτ
(
λ(k)−λ(k˜)
)
, (28)
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which is up to a normalization constant. When the spectral form factor with a modular
Hamiltonian is one, the spectrum is constrained as the following
λ(k) = λ(k˜), (29)
but the result is not implying that the Re´nyi entropy does not depend on the Re´nyi
index. In QFT, the relation between the modular Hamiltonian and reduced density
matrix also needs to be deformed, similar to what we discussed,
Hmod = − ln(ρA · δk). (30)
Hence this implies that the eigenvalues of reduced density matrix satisfy the following
relation
O(k)δk = O(k˜)δk˜. (31)
This implies that the eigenvalue O is affected by the regularization. When we choose
δk = δk˜, (32)
the continuum case is equivalent to the discrete case, while in general, they give different
results. When one uses an n-sheet manifold to do the calculation, a conformal mapping
is necessary. This should map a uniform discretization to a non-uniform discretization.
The lattice spacing can be seen as a regularization parameter at least for a small value
of the parameter. Hence it is why the n-dependence appears in the Re´nyi entropy.
However, the result is interesting because it shows the difference between the continuum
and discrete spectrum, and also constraints the entanglement spectrum. It also shows
that the dependence of the Re´nyi index is not a good indication of the maximally
entangled state due to the issue of regularization. Note that the eigenvalues of the
modular Hamiltonian are not positive definite now because the eigenvalues of a reduced
density matrix can be larger than one for a continuum spectrum. Our discussion is not
restricted to 2d CFT but also for a more generic QFT like N = 4 super Yang-Mills
theory.
4 Discussion and Conclusion
We have replaced the Hamiltonian by a modular Hamiltonian to study quantum chaos
quantities from the perspective of Quantum Entanglement. Because entanglement en-
tropy is proportional to the maximum violation of the Bell’s inequality and concurrence
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of a pure state [6] in an arbitrary 2-qubit state [7], we considered the Gaussian random
2-qubit model to illustrate. We first gave an analytical estimation to the occurring
time of the first dip and showed that it is closely related to the entanglement entropy.
Then we confirmed the estimation from the numerical simulation. When entanglement
entropy increases, the occurring time of the first dip increases. This provides an inter-
pretation of quantum chaos behavior from Quantum Entanglement as we can observe
that the late-time dynamics is independent of the choice of an initial state. This is one
of the conditions of classical chaos. We compared the spectrum to the random matrix
theory [22] by calculating the level spacing distribution function, and the result indi-
cated that it is different from the random matrix theory. In the final, we calculated the
spectral form factor for a single interval in 2d CFT and a spherical entangling surface
in N = 4 super Yang-Mills theory. They both give one. The result strongly constraints
the entanglement spectrum and also exhibited the difference between the continuum
and discrete spectrum. This gave a useful application to constraint the entanglement
spectrum of QFT.
Because Quantum Chaos does not have a clear definition, we hope to search for solu-
tions from a subregion because it may provide a more direct connection to the matured
direction, Quantum Entanglement. For a closed system after a partial trace operation,
the subsystem becomes an open system because energy is not conserved for the obser-
vation of a subregion. This means that an integrable system is possible to be chaotic
in a subregion. Hence a study of a subregion should be easier to probe quantum chaos
behavior. Our study is to show how the usual quantum chaos behavior is connected to
Quantum Entanglement. The relation is still unclear between quantum chaos quantities
in a subregion and Quantum Chaos itself although ones show that Lyapunov exponent
with a modular Hamiltonian has a similar bound [31], and CFTs with a spherical entan-
glement surface saturates the bound [31, 33, 34, 35]. It should be interesting to probe
the relation from an integrable system. One can integrate out a subregion to obtain a
non-local theory and then study classical dynamics and calculate the quantum chaos
quantities with a modular Hamiltonian to obtain explicit evidence of the connection.
One can also study a higher number of qubits for probing the relation between quan-
tum chaos behavior and Quantum Entanglement. The relation was only discovered in
the Gaussian random 2-qubit model. This might not be true generically, thus giving a
generalization to the relation that we discovered should be interesting.
We considered a single interval in 2d CFT and a spherical entangling surface inN=4 su-
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per Yang-Mills theory for which the spectral form factor with the modular Hamiltonian
offers unit. It gives a useful application for constraining the entanglement spectrum.
In the context of AdS/CFT correspondence [14], it should be particularly interesting
because one can look for any universal constraint from the entanglement spectrum.
This also implies that the discrete holographic study of the tensor network cannot be
a complete statement about the AdS/CFT correspondence.
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